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ﬁ soroth §: B 5 s¥ i flek = ideck |
\\;u c IRk V" A & smosth velrackon
B L T L 3,# St
PE Asume § eidh, Comidor the smosth wap ®
F: xfe] — s , (68) — §(tx)




This hometops -
- K a
deally
(when ;
T
wuof
2 (when
t=°) Le. 3
.

The Fined. theocem_
= ( Sweoth
EE . Brouwer
" {-Y.V\;‘? ka P""t
Wppose Rk | ' f-\,,.:e‘j
—aBk — Bk
consbuct Senorcth -
. o fued
map %-Z:‘t' 2
iy iGN
os ‘S‘Vu""‘i

-
Séul < " 3-
muo.-% i
| seidly  and
7 : we




- | 3,1
1.6 .\ Twlevsechion. wumbers mod 2
Want  Generalnalicn of degree mal 2 $or smodth maps £: X — Y
andk Z < Y subwld.
6“??6!-2: (')X‘O‘“fﬂ—ft>,?x=¢
(1) Z dosed sbmfd € Y ,2Z=¢
NF NZ
m dim X + dom 2 = dim Y
Glwvem f(z)cxwmfa‘mo(w)
o o I-wié * of  poueds.
& Def - Med 2 wlevsedica. of § wth 2,
To(F,2) = #5(2) med 2
Awddogee of homotopy lewmma @ IF Fo fi e Wanmersal o Z
amd_ o€ W; then I—?_(_'F-)Z): 1L(§‘JZ).
Pk(sfekh) FixXx[o] = Z st. F(%,0)= £,
F(x)4) = £ (®
If Fhz, F-(2) (,0.4 wfd bl bowndon
| F@n (Kese,) | |
Tn genedl , if No—r(Fth) ‘wrtm-&: F &% wsebhe fuck

'U'Mt Wwwh%, W vy

Rk Foo o gmosth £, defie T4, Z) & be T,(q, %)
m%uw_ﬁ{—mo\g_(hz A
Y'?M WW s gemeric

| -M{W‘Emﬁrb/c*w&?&_w’_\
See GuMemun — Fhack P?—o-—?z_

: CIE RN Z Ahen L_(x 2= T,((2) = #4Xa2Y mok 2
@ Nele : B\a,ﬂh&M\enax\C “”‘MMTWWM
X hZ




L2, W
If T, (\%)+o0 (\94) deduce hok  youw can/t  weve
(hemdepe) X & be digaat —E“.M Z.
Nete Tf X002 = §, wlose™ is Transys . z
E¥x Y= 2 toas S'xS' Ty v
X': S“‘ap’r?l X
Z = {pt} xS IZ(X,E) =
'l:pt”—'f}vem_afwrt
Whem diwn X = F duimY | we can consder To(X,X) , the self-
wlevsedion.  wmed 2.,

_@«_x—%mr\mm ®

. —— YR

HMM&Mz@u R

K [B® soompuhosy vsnedial ; W(.em“=4)
Then \R“\X m%wm&mw ., D,
vhere Dy is compuck 'BD.—X(&QW)

D. W (ﬁ\e M) '

Tdea: Toke 2g X, Ya:X — S™' % bethe ~ap
Uz (%) = i y o Wa(2) = deg, uy
| -2 |
(C:F W#(w&z") . complon amalysis o Gauss wap )
Do=3%2€ RN X: wWa(z)=0%
=%z€ RMNX * w,(®=11}

(see Gidlowin ¥ Pllick for waove)




NB embedded
Senotin

WA

‘ L7 3
4.7 Motk wids & Whiknoy's  embeddidg thw
Generadis® of TB abshudt suioc
Def X obflnd vk i a bop space, Howsdod(, 224 able,
wih on atles of dnods:
©odhat e X vl W Ve R homes oo V opea
X Ma?“ba,ﬂws&
_ '”ﬂk,""(u-,: |‘fz(“l”‘h) Smevti
(w fed)
\I\\\ru..t»\n.e,\*‘s Mm A doslnE w-dim  wfh X can
be ombedded o RZ™ (vedly hek | RT less 5 )
iM"’X‘Sﬂ-mu\l‘fold"mﬂ\eMogmcmm ()
CRY greedly vl buep fandioe
[""’3"“‘: RY — IR™ W«ua/)%ebwmm
W/ Armasvevse  sdf N pts | S s N e
wse  (2n4)*F ducedion | bump  fundins o pesh off vensecdin

'_H_ e A?_ ERE S RSPy o o

| ombedded in R (h'r‘)

(1) This is me ok 40PM weckody thomughe s R
- Adaally 3 bad , have wiedie A whece
gk ok lgedion of operia IR Wil IRP
| Toke covedindds b gue Comemcak  UWAMLiia, e
»*»Tfuf Aat | ie. lhot MME{M
e gradth undenlord \ia efensires T [RY




L8]

C\\a{ﬁrﬂ Lwﬁ'ﬂ«,,am cunnvabie

20 Ave-longh, owvilive & tontn of cwies
QJ_L\'J:ICth&MM Xamfdkamew\)( s o
MWM:I——?X

The ooudy, of w i &(8) = Doty (4) € T X
'oc'tsngﬂ kfoLkMM(i.e.wln-n&%/m-m)
Rwk  XcRY, &(t) has the usual wearming

Def ot: T— RV vequlaw cume | to, b€ T,

The ovt-length Hoem tot t i

+
s@ = [ jawlae

TE T =[a,6) , e<b, the lenth of o is
LD = [ @] ar

%AMKM%M'W (ieszS:wut;r.e_aJ.)
W lee(E))= 4 Ytel,
\x\o‘te,’_f_-foc.v-e?r«l.o.r the 4" tﬁS(t)M‘Ma’?""‘t""
devnalie 5o has o smodth Gwerse L= L(5).
Consider (> s\ o< (A(5)).
B = a(AGs) gy Ly AR
: ds ds %{{(5)) | (LG)|
= |pG|= 1,
s poremibiseds by arc- lenghh
some, image. Gy egth A IF ) ws e
Def Lebt o: T—>R? m%mogmtw
- The cunolime. of o ok se I 5o 4((5) |c>e.(s)]
- IE K(G)F O, defiie wik vedsr  n(S) by Toling
oc.(s) = k(5) n(s).
Netaion  o(5) = EG) eﬂemwats
h(S) ;s'uﬁe, w_LaL vedo— ak s




= T

' \l&\\l=| = (&, &xP=0 d.
E_ei The Pl-dm.egronrw& bta. +—(s)) n(® i u(3)

called the eseulloling chun_e i "G/ tG)
(f x*X—> R*c |R3, “hie stt R*) |
er_ The wit  b(9:= t(s) x n(s) « -_/

colled the baormak  veder ok s.
Nele b(s) = i:ym-txk &

b 4 b omd t

s0 b (s)= <T(s)n(s)

For seme T(s) € IR, the tosun of o« a s, ®

;’E{—_ AL awa,?cru\t s st '14(5)?90) the o.\f\.tvui;Le,
t),n(9,b6) i the Frenet Wihedoa ot s

n=bxt = w-= b xt 4 L)_Ci:_

a5 £=Kn

lell=4 = b.E = o

n= 7

= twnxt + b x Kn

Gwen smodth fundions 4 (>0  and T(S) fw—SeI,”Unm
esasls a_we,a.ﬂmw-eo(:l-——) R® st. sds‘Hne m—l&r-.a&\.)
K(s) 6 W cwnvobie ; and T() i B borsion .

Moreorer, oy dher cmve B regiar acd slifying the abore,
Jiffév; Hom & L‘a, Ml&wwi:a, of IR3.
fzf__ (x): ODE for (Eyn,) € Masea € IR
Gven ikl  condilion  (to,no,b.)  geb & wngue solubibn

(£0), (), b()) by the existoce & uwiueness of sorbubions
Yo ODEs,




Le. 3

If (boyne,be) € 03(R) € Myyy (R) | daim that (40),n(s) ,b(s)

wm 03 (R) o~ oll s.
5&3/ & 3 o K o i

(-0
b © T o b
devvabie !
L s

We  samw —‘_O(V\) ~ “Jw&qm wakinces
L (409, (), B(S)) i ovthonormal teo Y
Te concdhude T’“* (o) € pé‘ W t(). -
Mnevies of (koynerbe) € S0l oie adien of 80(3) ~ R* T

Rk Foc plone covve o2 T R (e T=°), cam gie =

sga to the cmulmve.

Let fei,ead vhe shl bosi fir IRT. Define n(9 by reginig
What  QEL, (DY haws the  swse svbdibin. 05 S8y el
Curalive defined by () = ¥(Hn( | 4’<‘€ IR. (mgf S?m-)

absolude olue
guires prexious dof

2.2 The yogevimélic inegualby in the plane

Let Q) ¢ \R‘he_aw(mmm) will boudan Q2
o comeded  C*' mfd .

Let A(SL) be the avea of Q.

Thw £*(22) > 4wA(Q) vk equalily ff O disk
L ecrmna (NW'; vma?ml‘ta,)

Let flR—")‘R a cA fH} r&ﬂ«nlw_ w't&n_ ?»ed-un:L L.
2t [T3ma = o,

e [l iy 2T [T el a

L-:I-
wih W;ff d constamls o1 & a, € € b a_|=-f_k_\ ond.

.j:('l: . 0\_18_2““:“' a0y e?.-w\: /I....




® =9 .

Recall Wudingoc's Wml“'ar oy
[, 1Fomdt s 4 [ (fwl>

Sor § ik pened L, Jof(9=o0.

Pf Consider the Fowder semios for § 5.

f C! weans -u“’?r Conwerge akso\‘io)g, w\.ﬁn—:l.a,
B g —f'(t) =2 bk

k=-0e l¢=-o0

Q.Wtk*./L

vhere e L py 2T RA




L9.4 %
Tsoperimileic _ Trequolly.
O € IR" demain- , QL commeded , C* 4-mfd
M‘f‘ga “Them ‘Ql(g.ﬂ_)% ‘-\-TTP\(,—Q_) ud/ﬂog(a-a.l‘%, {{F Q o dise
Defm X(":‘a—) = (""—)'3-) o IR*.
BL&’W)W GRX&.s:O ('w&nma,)
v ouleede wnik norwmal on QL
IVX&P\ f,a ()(v\)ols L]

o
2 A(0)

By | Covehu Sehostny  $,mY ¢ K]

L e, M )it
; ) WS R iff
e Yo Vo [ X const.
< (Sg_@“"‘ as ) Saats)
By Widinger i |
n -l(?.ﬂ_)z "t =l g 00 0
j-,m_“ il T P i .
Sunee \“?r ossumplaca Janxds = Oz . :
Ths o A9) < (* %) Ll nye
\ 2
= o= Lo )"= _D-
Rmk 3 generahzabion Yo by singotle. wulies 8
M‘ﬁ/ nolume. -
Eﬂ = oﬂ&r\r«b-’.e_ «t  curolure K, L CS a domann waltAe
trpock dasure (L, VL precewnze  C* Thew Y

YwA(a) X(D) ¢ L2(252) + KN




L. 3
2.3 Fosk fomdowemtal form R avea
A swhace % o smodth. 2-manfdd. This sedion : SC{RQ',
Def  The guadeiki form Ty oo 5 S 05=9¢
guien by Tp(w) = (ww) = 1w|™ (comes From 1R3)
w the Sk fundommestal foem (1FF/) of S,
Def TF X & o smoith wfd ) o Rinanmon metiz o X 5 @
Senehnly. %¢W"f e~ produds o Tp X

Ex AFF (=% p)

If £: X2 VY om vweesion ard Y has o Riemontian  wélac g
gek o walwsl pullback wmelw e X.

hp(ww) = 9;@)( dfp(v) , dfp(w))
AEE $or Sc R3 (omes Fom the shadad  ip on IR vin unchusion




L1O

Def S\, S, ove somelic f A" £:S, > S, st VpeS,,
Dfp s o binear Gomey S/w TS, & T Sa (equped w/
{FF i covdmates

R2Z TR

,_a_u_(\kj\f) = DY(“N)(&‘\) S basgrs for
€. (“_V) = ’@i(u,v) = D&e(ugv)(e"’-) _r;(“")s

Def Leb p=%(uv)e S, Sek E(uyv) = {Hfu, by,
F o) = <0, @y 7
G (uy) = o, P Y
Gwen WET,S, pik a wwe oo, «(o)=p, o<'(0) = Dato(4)=w
whn (k) = € (uwl®), v(y)  te(-g,e), SN
Note  w=fui +¥,¥ !
CThen T (@) = (x(9), ()Y b

| o= B0+ 2Fav 4 69
Egiv AFF u E du*+ 2F dudv + Gd*™ "of 39-80 'Crured spaces |

'!w—.s 2 i
\

_El S = tews Of verolilion
(a+rcosw)cosy

‘ :
| k‘e(*‘\’) = (a -'rv-ca-.;u..) o V llc,a._@

v Sam A I

| wheve (u(q) € (OIQ—T) c_!_f)
(& obv. dther dnavks ]

IRz B ‘=—-V‘2'} Foae O} G= (a+vcosw) =

Def Guoen & cnve w: T =[0,) = S& R®, vecak &
: |
Honghe ¥ 1(x) = L YT I L




L\O. 2 .
T Lecal Mﬂ'\-dt% (ere “(Q_’&e(“\o‘),“‘(b)) )

() = jo ( Ext+2Fir+Gvt) ™

Check Il ea x 1l = JE G=F2
Yo as I? e &.e&~
Tie $9u, e+ 1Cax e ll™= NCll*lUell™ |

6\»??06& QH‘M_%% MIO%QMMM
¥:uw— S. .
L evvena

TThe gl j” Wt ol doe b
- ¢ ()

Proof  Consider cndlbor WJW\_ +=11-»$ with
Q c P(W). Whg (W) = ¥ (W).

cICH A
'S Sek S(X,\v ) =
gy e ) e (Sed)
LA' - S ng‘f - — A
- —'o J- ;
o i i P e enabix _
=k = DVYaile) = Dy Dhole) , =2 @

= l¥ax e || = I x vl 1 TCa) (m)
By dhonge-of —vancbles formulo ( from vC )

ol dwdy = A el
[ erimy Wwe ol dud Sﬁﬂ) € xte )| oh -\ 7] dxas

= Le_lm) fgx by || dx av

gcj:_l__eh L1 €S be a bownmded doman conbaumed o “he




Lio.
Thes the ewes_of 0L s
'L\(_Q)t \S‘" “\fl&‘ﬂ‘{)v“d&&d
e ()

=5

_ea\l2 3w
j{,m) (EG-F*)'* du &

waammmmﬁmeM
W*W’%’

MW&W-—F}A‘. Wemalaama,,fwd.q
o o~ MW&W(MM’EMEM)
— see  exyorentiol mop im  Chap
E\_ﬁWWMQ”RWW“ dN o S,
Tf £:S—> R s B, and 1 U S o paramebinsdtion of

jsfcu\ = [ fln) JEC-F> dudn

—E_?(_ —‘—wﬁ Uf m}cﬂ.. Hm _\IPE-_TL _— v—(°~+v—aﬂu)

s

’2.._'-+ The G’Mﬂ’"?_
Guren o Famf\.w) "e\L_’S oround PGS ) wtmm

N(a) := ey
f w %y

N (W) — s*e R?

s
wedk

bf»keve

(9)




Lo
®
%AMM&MWM on o= swloce S ig
o smecth wmop N:S — e R} sit. Vpes, N(P)—LTI,
AWSC|R3VSM\&MI&§¢M0.M$

Oniteblly. s o ook pony £ S D

EX The Mibiss band is a wor-onedoble swdae (€S 2.)
bass _(\&,V) _ﬁu—- TPS “ Foﬁb'&ha/ onenled if




Lt
Def  Lek S be an ocieated swface ond N: S S? Ve et

Nd&e TpS = Ty S*™ = (Y™ e R?
7 Get PNP’ TFS —> 'T'N(P)Sq' = TFS

Koy popecty of the Gauss map  DNp is self ~aoint
_Ef__L_Eb Y: w— S hea?w-m“m.*fl’oﬁ*w
() = (), v®) % o cuve w C(U) wth %(0)=p.
Then DN (2(9) = DN, (W9 ¥u+ () €v)
\
ilm N(w®,v®)

\
wlN, + v(o) Ny

~ Dp(f) = Nu ) DNe(e) = Ny
Surce $¥u, Oy s a bass for TpS ) enamgh to show thot
(Nu.}"euj = <L€U-)NV7 (Sma <Nu,‘(u.)'=-<"Pu/N“.>)

Note that <N, €uy =0 = <N, €Y. & sindacty~ for v
okt povliol dewiabives wvt v, w geb
<NV,L€“~7"= = <NI Leu.v> = "<N,"fvu.7 = <‘“"v~,\f~f>

Jde(w) = —<DNp(w), w)




LAk 2
Leb o«:(-g,c) — S5 b2 ponmelized by ave-leagth wnble x(o)=p.
Let N(s) = N( ().
(N(s), &(s)> = ©
= N(9 &)y +<N(s), (97 =

= <N(9), (9 = TLP(&.(S)) (ne oninus sugn )
o Tp (@) = k<n,NY
AN
Cunalie

of o “;é:::, Def ka(p)=(N, knd(p) is the
Fnz—v.qlcuwatun-e, of- o(«tT
Ith.o.b,be*'veﬁ""‘-'“\"?e"‘l"a/
Nete k“(p)wwmw
___Wv&bc—éz_("))ndt
Remock  Comversely, gren ve TpS , comsder VE R® plave
Unough. P conkaining ~ Vv and N
C=‘:Vﬂ5%calleotb‘ne.hanml.se<t«\_o¥ Sa.‘t?/
slong the duedhon v.
WW 'Unw—-) Cl»slo'ooda/ M"h@_
-
We mau rnrnmna:bﬂ—se Yhis Lc-nall-a, b«a,m—l.u%) gaau.-(-gc)-—)sl
- awed  %(0) = + kn(p) sok..(e)=;k

e
N

o F
Recall P‘sdf-nJaomT/hm?kdsMon

Cor  dom. basis %2\,3,,'3 of TPS vedk numbes Kn,k:.)
sod Ki7Ka, such That DNP(e-.) = -K;e; =12,

MM)K\&K; Mu\zw)v-%‘:mvulue; oS' EP’




| st baamnassieonsg

Lv.3
23—}_{ \<,,\<,_mmﬂulﬂ\_e WLMNQKJ«; a-'l’-f
€\,e 4 WW GL—F
Note The ki are the edremal values for canvalive of
Def * The Gauss comedie  K(p) of Sat p i det (DN) =kik,
- The wean cunalive H(p) of S ok p &« “Zb‘(be"—’“k%
Rk K(p) ¥ independest o orentalin , bub H(p) & not
Def peSiselgic § K@>e (eg. ol pus on S*
2 =x"+y> \@/

Dokl K <0 (g meatyt st

7 R "hgpevbolic parabolad )
porsboe f K(P=0, DNp #0 (e cqinde ]
pronar if DNp=o . )
Def K pownt 5 wmble f k =k2

Fack (ES2) _—’L{'GU-‘x-wde on o commeded. suwlice mmhll‘;-.)

then £ B codained in a.s?’n-ereof w & ?lo.n-e

EE_,Y_,K\E "qucaa,;a&iu" {z= %" - 3y* x§ = SCIF?-
TgS"‘%E:“} _:7'\\3'“() 2, ) ¢
Salng - x=vceso, y=vsie hae = = e
=5 all homal secking hwe k=0 w doer®

M_QGSQM




® | L12 .1
| .8 Secsek Sindeweibal, Form i toval covels

Lek € he o povan® about pe S.
Dof  er= N )= = < Nu, 00D
. KN, LY =0
f:= (N ¥uv ) = = <N W) = =<Ny, Cud
= (N, ¥vw)= = {Ny, “t’v> ‘ rlg’iu“hﬁ,ﬂ_l
Lm Iv\ M‘rl'e«. (uuv) the 2FF
| e by e dut+ 24 du dv +%_A_v1
Pt xf *'Wamww p ob t=0, the,
& Tp((@) = — <DPN (o), &lo)>
| = =K DNp(Wpus v, au+ v @D
! l = —m KNG+ UNy hel+v ey

= 4 el Gemie o el 2ELS g A a
[ lewm _eg-§> =, 1 eG-2fF +4E
S e Rl T - __H vy S B
i __-__\1\.9. P«rMa‘xL wmbwe; klsz oare the. I'U'D‘ts_crg 'uwg P’Lé’
k*>-2Hk + K =

P:F Wrie  DNp(¥u) = N = an%uran®e 4o
‘ g DNP("&\ = Nv = a‘z_k(“*_au-\?v

e I Tokmn%, PrtrtLucIs with o & (‘eq B %.et_ ___________. 12

sl (‘ifc ) BT T 7 L PR S i

TET T - T = e
| (*¥) EG-F*
LoH= sy =-ae (R) = s [(EE)' ()] o
Ex Torws of verl™, ad (2)

"e(ulv) = ((atveosu) cosv (o.-l-v-oa;u_)smv vSin )

Check - E = v*, F=0, G = (a+vesu)”




{122 .
Toglec seves uterprelofise of 2FF
| Parae UL S arvvund p, L(0)=p
| Exqand- W(h, K) o5 a Taglor seres.
C(h,K) = €(0,0) + h¥u+ k¥ + 3(fuuh'+2€urnk + Oy K*)
+ R(w, K) <« 'remamde '
(N CCh K) = PCeye) ) = 5 (eWt+ 2f hk + gk?) + <N, RG KDY
i.e. Ir(\“rk) guees the wormal dusplacemet from the tonged
| in the dueckicn (W, K) i
(cf AFF :© Je(w,k)-¥Co)|” = Eh™+2Fhk+Gk* + S(hk) )
K20 K<=Y 2FF cither +ve def or -ve def =
goomelnidlly - | S sboys lovally en one side °{:TP55@7--
| A W ?
<= rvw»c.u‘m]- cumnatires hare the same stgn-
<=7 ol W cwnolures oo the some sucam.
- K<eo <= 2FF v\m—d.eé, , wdef

M,smm m&,mdf—rrstmua/

{?.GMW
The (Gowss, l%ﬂ)'wewwwm of o sufece s g
Pf Tsomelnes preseve AFF. We'll show thob  in \ocal
s, K can be expressed purely in te,m,oﬁ‘EFG
Cowd theie Jeinsbves . (Hence the vesult fellons)

Let $:U— S be a pavemeliisabion AbMMO{W(u),
hore a bass of IR ghen by § Yu,¥v, NY .

Shep ¥ Expren the devwabies of €, €y in this bosis
\fuu—- rjn"(u. \—1 "f’v * G?LN

- z_-tuw-'” M

Rov = r’rz_ Cu + \—"?52_ Yy + £ N } //
Pow = T3 fu * U4 % + £N ’z.
; MFVV = Y—"Zf'?. Leu, “+ r-’.f'l Leq —+ %[\‘ §- 2




% Li2 .3
TF ¢ Cheistoffel syovools
Step2 Shew that [ can be exressod in torms of € ,7,G

omd their fist M"%
TO&WW*(OW&\PuQ{VJt’%
| FVE +M T F = {¥uuw,¥u) = z Eu

| %\'".“F *UHG = A%, ¥y = Fu-3Ey
| Sine EG-F*#0, sole for ] .

| Sivilorcky Sor the other cwlzﬁex"w i L0000,
Step 3 Fuday e




| L1
- Remll, W(GM)WGWWWMMM

f_af(wa:)_ﬁf_l Can=Th Cutr Th b +eN o

| Step 2 Shew thab MK con be expressed vio B /F, G ande poiial
Step3  Express K intomg of  Chustdfel & devwatives
U sw Puuv = Cuavu  amd () & ) gek

(Tl )vlu ® Vi 0ar + (TRWY, * T2, +eid +eN,

T ML) wfu + T+ (TR0 £ TS + 5N + N
! Noabén fom L12: N = ay‘¥u + az
Ny = 2 + a2 '

@ | Use (-%) %o osubhibe for Yuu e, To gob Tao exgressions m
s of  YWu, Py, N Egudte cofffy f €y omd get
| Mo = (M)t N Ph (P8 -PRPLS - R (1)
e el = —faz +eaa T e s
: P\lso v-m’l E F CMl v
i F G) az au) - _
A | RWM?;"S’, ‘Jc&zl +“3‘1:.:. = “—;%_i":',_' =-KE

B lel»z( wle E# O socl-on_e a

b 3 Rmk Thawm(ﬂfw—KE_ngu.MGmM_
e B“__‘k :EfouswoFuwaa“d-ij._g_F—_o}ﬂw_wa

et e

Def A poromebisabion is called isdthermal i E=0G= XMupn)®
and. F=0,

TF Y ks iscthomal , then
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Chagtev-3 :  Criicak points of lomgth & oveo
- Theme: Ewgww&ww

Lengbhn gerdesic Eulew-Lagronge eqs

— runinol.  sfes Plfeas prebler e ppe jbﬁs )
i eniskence §
31 Gondo LabieaR P

| S€ R* & swlace | Pia€S. Lek ﬂ(r,q_) be the set of all
I curves oL [o ']‘95 wiﬂ\_ o((o) ‘) u{(_l)ﬁ
- Lek & be the functional Q(P,q)—)\RwL\a, @

() --J; | (k)| At —Clength)—

A E(oc) wnbike {(*) e wak, s mmfwmm _____
LW xE—Q(P,Q) ()" 2E(«) | equally iff = hos

| s?wﬁ) S

Pf Coudy - Sduaitn: (o fg) ¢ (§o5°) S ¢)

| Eq‘m“.a, tﬂ: f,cy lﬂ\-uw,-a/ de?em:lmt L e

Pub §=1, g~ 1a(b)| and deve. 0 _
 Elvemaly for E - CW&4*WMO{:M
| o(se.()_(?,q,) Se (-€,e) , oo= ot,

Lek E(s):= E(«s)

' We wave AE 2" % v
| 32=f(esfai’ m>dh
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& | 3

- oo
=t ds e j\ < 2s !/ s=o At

L3 ' where
- (At W, %) s @ U s

I Pl =xs(t) frfredt ) then W(Y= (o) € Ty S
'I“’”e‘amh"a’ ) by v -
|
= o & cwlsoae - f(wl ,ay at

= (WA #, ()Y - <w(°),a(o)7 by ab
% | e ———

—— - ]

— because oly € ﬂ(Pzﬂ-) SRS
- 015(0):?' xsC) =g

= - [ qwy &) at =

=0

ﬁ_.,___o\E
ds ls=»
ﬁ'l(oc_l.ﬂr&(t)S Hwn dqma&e«mf-wE
_ETM%M“W(mmmﬂcufws,mwlsm)
 Def A cuwe o: TS ik called o geodese if \/{;E’I

() L Tuw S




Lt |
RwmK  This & alse the "comect" def" for qeodesics on o ewbedJal
smettle  wamfold XeijRY,
Rk 2 Geedesics have conslad SFQJ .
B &, deltD = LT, &
At 7 O(.(t) —-— 2<O<(+) ,o;(t)) =9
€Tatu:)S Lt Ta‘ce)S

=18 For o o cwve in the plane R'CIR?, « gedesic iff =0
ﬂcodd—s-eam.e\-i?df WWN/MW

Def Lok x:T—>S be o cuve. A vedor S84 V alone o i
| smodth. wap Vi T— R> st. Ve TS Vt.
Def  “The vedor oMloined by the normol proyecioa of V-
o«diou\e—tdm—g».t?‘«me— Ta(*)sﬁwudmam&uizm
Cof V oak b, demeled 2V (y

Renke . '

'—'—'od%.wa-edk <= _%::i({;)-_-_o_

Def A vedor fihd V along o is called parnllel if PY = o
Ex o T R*c R® plone cunve -
\/'vswﬂuda;ﬂ:wi&mytomt

/V
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: L4, 2. o
Em_Ld:VWbeMudWMW“ -85,
| TThen KV(Y),W()) is const .
o SV MEY = (VO MG + B, WEY = o
| & 2 R P b

€ Tuws +5 Tuws €TuwS

[vwl: the. %L&J-Jama,] o R

Foof Encu%"tow—u#mauww—dmiépta«_ Let - UL—> S be
e poram™ | and ot TS e amve st «x(T)c (W),
Wl = O, N©) e v, 1=
Lek V be a vedor fidd olong oL 2 hore
| . NW=ad) P4 b(t)Cy
:JC"'_ Some swmocthh fundichs o ,b. s
L Thon & 0 27 o o ot B bl Mt B
| a\t 4 ale + bl ==

=T @« T2¢+eN [ pfof Thm Egregusn |

a
P

Uiy eqts ‘)-(“)mhﬁﬁmEW&&ef“of _
;_WW gel : e

DY e b Pl o T P g @

ot ()
| _ (b+ar"u\ +b\_',_,‘|i. +a\_—".2_\'/ +b["'“_{/)‘€v
| The \"“ o-«\ha. o\-e?m\i on 4FF)Sodon-e_ _ a
oc(b) = %V_U_L"’ F‘(’v L G

e v

' o ' T Ve F
{ w + r’.l‘u.u.-l—\ﬂz‘wvfrﬂmvw-g—r'-z'zvv = O Glt)

| v—\-r’q't.ku- +Fz\u.v+r’2w.+\"zavv—~0
II{W&W (1') os o Wnear ODE m o & b thea ‘a'\;"e'\v"eTﬂ(ﬁ

;toe“.‘-'. ﬁmen.blrm-eem‘,tqouw?m Fa.v-ulLeLvedh-ﬁM \/(ﬁ)a-lon.g,.
| o w‘iuxv(‘h""\‘o
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Def The veder V(X)) , 4, €T, ik the parullel Gonspodt of vo

P

olon% ol ak't*w. ‘?O"-ﬂt tl.
Lek we 2(p,a). Dende by P: TS — T S the map

whidh assges B Vo€ TpS the vesdt of porullel trnspect at TS,

P'_W“'P'%“Mw,r“)hm%w oDE ) |
' P on ol Teader prp abet <VO),UWY )

_PﬂLGMmMPESMa%VETPS q £50 and

o wmgue W(‘ﬂﬂ"‘- wwk speed-) X(Cf-)—-‘?s st. ¥(0)=p,

> (o) =v. _ . )

& Pl Exisdence & uniqueness of sl's b ODEs , fuced ikl

| condidicns ) apphed to (k%) . Tnlegrle wsing (x). a

___3'3 MWMLM _
De.f Aswaeue SClR3KM f@mmam—oiwel-'\

= BN v-mws»‘ﬂezs MW L s
Rk k, +ko=o0 wwfl‘éfs Saw\l'_be b«fo-d.(E.S'S)
Lel:“(\l-—*S Bea?-mm,MJ-LeLDC[LLe.a.b&L
3 IR domain wibh D € W. e
Let h: D‘—)\R be a-snwuﬂ\_{-wnctm
P_E__f__—rh&wmwf W(D)W\,‘a_kuﬂw

| I prDx-e, 00— R -
(wy U,ﬁ.) — W“N)+Kh(“ v) N(w,v)

RkIf"Banwwec}Wwﬁk we often
|Mm h(2D) =




.
For fuced te(-<,e), define pH(u,v) =p(uve) @ D >R
(p°= ¥l ).
Pu = Yo+ thNuw + thoN E Uik, idop e
lot,-: Y, + thN, +th/N

M{:)ﬂb

t(D) smovth.  embedded swhoce M\R3
o alL té(-c c)

Let EY, FY, Gt e the coeffs of the AFF &4 p*
gt =

E + 2th<{fu,NuY + t*h* {(Nu,NuY + tThuh
F'=F + th((“(’q,t\l

Y+ Py Nuy) + EPhTNG NG + PRy,
e |Gt = 6+ 2t (B VY ¢ BTN NVY + Ethuh
Recall - &= -<Yu, u) 4
.')C" —<‘eu Nu) = "<‘€u, «) 1 ZFFqE'Df‘f’
| B = "<"?v Nvd :
| EFG* - (FY)* = EG - Fr— 2th (eG - zfr+35) + o(t?)
: — eG-2fF+gE
lRm-u- H Z(EG*FL) (mean cumnolure Joe \P)
| So EG*- (F&)* = (CeéFi)(4—4thi-\) +
“i, ¥ | hece

Y4 >0 o5 t—O,

Lot AW dene bhe area of p5(D). (£t AG) saoeth )
€ AW = f\JE—GﬁJl Rt

| P\(O)‘—' (5 A) - Alo)

VeG-r=
t3o t

fo 2hHJEG-F* du dv (%)
Prop (W) 4 misimal iff N(0) = O for all bownded

domains D with. D CUL and olk nomwol voiotins of (D)
PF I H=0 thee () = N(0)=0

atally”

W= =P

.wiu

.Conﬂeﬂsel-a,, Suppose H(a) + 0 for smqelk.'\'kemf-e}c. W
(ront2em in o smoll wgbd of g so that A'Ce) < 0. 0




| LiS 2 .
Rk M‘mmuz&"m"m,\wb bhey'ce  yusk
Wog avea — needn't be munmumue -
Qg_f'lhmmmm H := HN

A nomal vonaloan o the direckon of H alemys has  Al(9)<o

i H does't vowsh. (liuderofonead&ho.\_M)

W—% MWW‘}NWW But a
[foe e & 4ttt gy ]

34 The Wewrstios vepeesentolion s .

Pop  Assume €U IR® & om M poram” (F=0, E=G=X")
Then Yfuw +foy = 2X°H. SAR LN Tt = BV O o
Pro<f T%ﬂteamlr__‘—? (b Oy = St v 7

 Diffeventiate. wrt w: o <“€m,"€u> = <‘eu.v_,_ %v) S e
OToH y S =0 =B Mav MY = =<, X >
s K Yo, a7 =0

| By, €8s, + B, Y = B AR R
S Pan ¥ P ~ N ? TS

H= %2"; m 2H = e+g = (uthv, N ®
So Yuwtuu = 2X*HN = ?.A‘ﬂ.
90_1' Lek Y:lk-?lR3 be an iscthermal premt.
Then €(W) is muimal ff Af =0, wheee A= 2, ,C?: :
| For minimal  swfaces wilhoul ploner powids, see ES3.
RMMWW%MfoG$M ¥ ore harwonic.
| Fokt: P\MWW@WMNMM(‘O-

a

|




Ex Calenod * "F(U-,\’)""‘ (QCOTA'WCMU-, ocoshy sau ow)
w €fo,2w] , V€& R
Chek: E=G=alcoh'v, F=0 so isthermal
AY¥Y=0 s mumwmal
Fack . oaly conplole munimal swfoce of ved™

HM C(a,v) = (awvcﬁu A sy Smu‘,)()
wel o 21'] ve R " Db I

Chedk - E=G=alwsh g T =R S nek o Wypeodnd
A lpwu-a. Bomelne 1o coalemorde i -
(X A¥=0 soeimimal)
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Pob of finduing - minimal suvfaces : Lagrange %60 s
Colened & helicerd : Mewsmuer 1776 . Nest one: ~ (2205
( Schevk )
Lels of futhor eromples Wo holomorphic funclions
Wle ‘{’(“;“) '_"("‘(“J“); '3-(.'*;"); ?-(""1“)) ) powam’ of o
swface Sc RE.
E‘l’i’: Consder the ox volued funchaons

9‘=%w*i9(41

8?-"_'6'“-"""‘&5"'1

O3 = 2,— &y .
Then - € s Gothermal iff  6,+0; +605 = o,
| "k Wi Gdhemal |, then S s wminmal Mf 0,0, 0,

ore hodomorphic. ( domain WU C)

Pf © Coladate ©(+03+05 = (E-G)-2iF , whence the
* For the second daim, consder the Cauchy - Rizeann  equakons

§°“9|: Xuvy = Xyu é—wf%l _ r(Re),_,_-c (I\m)v
Kaw = — %y REVE“I w
d RE?F AX =0 5 ( ) ( W\)——-l
 Suwikody - for 6, & 03. |

Gool : sdubions o 67 +0F + 035 =0 (%)

Lemma Lek De € be o AMM)%,MWWMDO‘\GL
fGWfWDMM o.te,a-ck‘xr'wbmrtg,ko-s
a.?dx_af"a-ark)fWa.woofwe‘era#Law,tlk.

Then : x ), O, = pl_{( H’Sz) ; O3 '-’:Fgf (ﬂ

v‘ are holororphic o D & satisfy ().
Comensehy | every briple of hode® f< on D, 0,,0,,6; faliljung

(i)?§WhMM(T)/W&%M
©,=182, 3 =0,




0,602,035 debined by (}) are holomophic on D,
CW%QJ.AJ,)W e, 31,63 L\c!mor‘rl\u %I&%, C’V) SBL

F=—8 =8+ g,=§— [ ok wnless ©,210.]
() becomes  (6,-19,)(8,+10,) =~ 81
9["";82. -— —_—— 9-;-
e, ~-i164.
Il - - g‘n"_.

Scwe for the 8 o bbwia (¥).
B\-é, delinilion_ fus \ﬁ»o{,otmr?luc_fsl M-&rw"o-‘l)"‘l-c«
=amd-\><a,—%ea}ao¢e ‘f'gr- s ho“.qm-\,\u.c whid w?lw,-u.,_ velolian
I\neﬁve,ea. zeros ad- poles of £ g gl s .

H’WSI-?J? C—ononlg,gcnd.;f g'zlszw\-\arlﬂck.ows.e, @;—DW\-«,~
'HN-S ks the erceflion. vemaked above. (o

to them. as above. ®

Prp The funclons  2(0), o), 2(up) Wb.a,

WHV W4 iV

% (a) = Re fs S euR)ay = 1R fs ¥55) (1-3057) 4%

wlay) = Rc’[";_“ 92(%)dy = %Rejs?f(z)(\’-a“—‘})‘) A%,
() = Re j;‘saosws = Re [, H9s(5) 45

5«1‘4% Xu-iXy =6, Yo~ ua,-— G'r..) L—i'&vf—ag.
CZSEEX ‘f('&‘f (’K-(“ ") ‘ar(“!“’) &(_“:V)) ¥ A muumal
| surbace  when  ewbedded. . Ttw B called the W ewrstimgg &




& _ Li6.7
Pf Foe W bl fww?)d% % ‘wdependenk of the chosen poth

[ D sngly- commeczd ],
hibnd f*( [7h6H3) = his)

dy (Cauchy T -
Soy X(w)_j;-, 8i(5)dy = o(qrs(j:t{l(w) :
o) = f;,““’) =t tiP - o g — 40k
® | [ Coudhy - Riemama |

(DU b B8 O . L
.esatw'\ﬁukfﬁm)‘f’i;omm;ff F vomshes only
ok the poles of o | and b does so b oder 2k whae ki
the scder & the pole of o . =10 S VAT
_&IWMMM,M,L;,M”aM
Rk Gw%w@efwm@)wmbm
oy ool sufaces  hos o lotal W erewstrags \-&?")f-ar-
w&ble ng,(“')

& sonple - Sty guulace ___(‘g“) o i
',- "lp-' C — /Rg ) (g’ote) W—J—Q»a, & n.gb-& o:F o-n-ca,w\.
; Lf(u'v) = }l_'(“'—‘%s'!-l&\f?-, —— ;_3_qu| u:-__v‘l.) :

, (5 =)

' _ i _ ~le
@W curvoliice = “_“5'1)4
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Exomple  Schek's doubly pocode surboce (1235)

D= pen wnk duem € fl5l= =5
_\5":0 %(;)t;
:’Th‘;, 3*"% oM uivmersion +: DélR; 5 2wy %"""

d(w) = (“‘”‘3'53—} — “”’5\;%1 - bl

rid

| Lak: 70 & " Coifou MWP’W

From \R:
.\“‘”/

[ N W & A P

w (2) =

swfoce. Then o i (61,6, ,05)

R R PR S 2Ty
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A (\Hgt:a\’-z )"- § F=o

| Check @ Y XY, = IW\(QQ_@,Qggm,Qt—e:.)
Usew?rw foe O menm of ‘P&g,,

1§12 (1 +al™ 2
foxp, = 19 ) (ZReg, = SO W —1)
" _ “ \F\"‘(I-rlg\i)z
=S |ax ol = N"= ( T )
z
N = (i&&?— 2 Tmg l%l"l) i the Cavenge-wie
\+lgl ™ ) \+lgl™ o (gA%+ 2

So -rrON-‘;g/_as A wap D’—7’CU§"°}.
Rk 3 non-enenbable W swnfoces 1)
E—E’_@_ As o Funcion om D)WGW_W'K

[ % a4 Rl

4 (HI("'I%V'))

Cor Ebher K= 0 o zews of Kue mLJuL Pl
@(D) las in ww)wwew_w hils ol but Two
| volees, A i |

_E_-L'-'EWW g(5)=% »
CM;WMWw&MQ Mdﬁe
GMM@? Musses ?_Mw\-s
Pocf - a(3) fudsto be defined iff 6,=i6:, 3= o,

:InwwﬁuW%MWMMaM.
.1§%gdw,w3mwm~ﬂ?.
—Ifg,amt,wuemﬁm.

- If adt, then by Picardls bheoew , g lakes all vulues
wmw Culal e»na?tfm—n:bm,t‘log them | 50 the Gauss

map Wby alk bub ok mest 2 diveclins. a

i
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most 4 pos  (Xawier 1981, Fujimds (928 )
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Chap W Global Ricmannion Geometiy

Lek S KK® be an ewbedded sudnce.

\

Recall : aw PES)MVGT‘-SJ A€y 0 omd o.uw.«q‘u-ew

¥:(-g,e) > S st. ¥X(D=p, ¥(0)=v. Wete ¥, : =7
Nete : The gecdesic ), (8), te (-5, %)

% W) Tl . v vk .
D‘Ef__ I—f: v E —TPS VF O s such lhat ‘6’.-(!»"} =Yy (1 =«
delined , thea we set WP(V_X(A)_M&?P@—F

PW/M‘WPrkWM)MWJH&)&»mM

Be w/ cede ok OE_’T’,S

E_{EW&WW £ el T EDEs, Sl dhe

S EF @ co : ‘5 11—
D‘—"E @X?Fvs oa-u-etl’u‘\e W\MM{:‘

_EEQ_%(P?BQ‘—"\S%&&@&M thAbLCBzof'O

Pf By TFT, crough b show thab D(espp), is mon- simglor .

Let o(t) = {.v s e TS, : o
The cmve (ng?foo()(t) = expp (tv)
| = %,(4)

hag tongeal veds- v ot t=o0. B 215
Then  D(enpp)s (V) = v by the chowir vule,
oo D(expy)g + TS = TS L the Jdeddy | done.

a

Cor When vesteced & a sflciontl smalk boit N, erp, & o
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2”@
Fu mep ODEU"M/
« IF Sc:.qus is dase&(asmau’os-etaf |’R’"))li|m espp 5
debined oa ol of TPS)meforautGR-

Rk A&%WWaWM%\
X € IR

Ag_,cle, (&ES*)TMW Wf*‘bm—mi?n«&rm‘fs):
le. WXM“MW%}M(’R)

Eg. X= O(“)CM (R) .
M»,(lR) IR" ‘wwer  produd <"-|,'-—?->_—b"(‘-|‘-2-_1_)
Given. e TaX  defin oc:R—> My R boy

L a%, 2T

ot () = exp(At) = T+AL + 3R+

Nolz - o-i'@)'—‘- Ax(t) . _
| <"(t) = Nw(y) , ek i °
| You can shew thet: - o(b)e X .Vt }___> «,;mge,d“-
2 Ty X ”“‘zm
__ﬂ()_ i

(";8) WW&GM\RL
\'_Fo,.,wu,a_ delete the holf —ne 6 =0
{,e. O<v, O<O<2-w _|

A ssume. FES,WP-BE(O)—%VQS % o dlee

Def The geodesic por coodingles abouk o ave The umages of
the thofwwdq mBa(O)elew»d%e/).ﬁ,_

Fo_,,un,‘! i OSrew, O<9<21T,Buhmmsuﬂadrﬁi\em.
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Y UL==(—ifc):<IR —> v (2p)
(T') 9) =y eA‘P(,(r‘(c.a-sBe, —l—St'maE:))

=e)>q>?(rv(9))
= 3% (r) L S Sy =

V() waba,,alea'
Bif_mmm‘a—&suncl-e—ex"?\_k—?vof ewdaes m WU
The imoges of hmes¢um4w expp ome called = I
say E(r,0), F(v,6), G(¥,06) saliy~ -

LB Esd . _
F=o

_____' G(g)e) = el
L s (J_é-)r (0)‘9) =

N (\ﬁ;—)wr L= et
el B oub 60 00 S

s T R
- 'b/ i oy
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®
Recall:  f(v,0) = expe(vu(®) = Yyo)(v)
m. From the d"; 'f L(0,» f = u'f‘(e)(\r)) andh v(@) V(o)(o)
E(v,0) =<9 0. =1,
*Let W= i“é‘ Abo from the da%fcf)wzmm
To = D(e”‘?r) (vw)
= D(w??)\rv w)
Hence F(v,8) = \r< ‘O'v(e) (v) Dlerpe) (W) Y >
g G(V‘IG) =i 2< D(OW?)\NF V’I)f DLM??)V,,(W)7 .
- Flo,8) = © PREER, ' B
* Formde foe 6(v0) wpbes (VG ), (0,6) = Il D{expy)o() |
VR ST . \lwl =4
_________ =iy . D(e’i‘P)o -
- Compie FL(r,0) = (0, Yoy + (€, ¥0,) = é—g,(
\.._-——--V..—.__./ —
_ = O by above
W"T«alt")
| . ?rs‘ej"d;"‘ll;,s S W .
e SomF(os)—o %,zb‘u»mtl_ o. el

“WF‘WWﬁ” obhrgonal pauel.

R S —

Rek The foct that F(r,6)=0 ¥v>0, ie (i, f) = O,

bhe WMW

Rk Thi Waﬂmrdgw.-_s shows Mot « a geodesc on S
& M5 es W\./W (esw)




4 2 Gauss — Bownet theorem_
i'z-l GCG"AW curvalure

Ll‘l.’Z..

Def  Lebt W be o smogth freld along

ol v L $ :
| SCIR)WMWWS.

Swe M@ =4, S i cdhogoal &
At w V‘l’-,a.mA.so

Dw
d.t )\N/\W
Dw

ﬁe—b'“m°fﬂbm¢wit—--—

],amu\e

Rwk The

[24] 5 (38, waw) = >

Def Let o 1—951-1
v-ea«l-o.rwv-e Parm

€)= D y
K (9) DL = (i, Ny

‘Hﬂ&gudmm%eo(ﬂi:&(s),_

So k(g)* = [&(s)|* = kgls)*+ ku(s)™

— e =N, k1 )=LN,x)
S ' e

oLk oo ii % Kg(s)=o Vs

ke tcghe
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Letvwke'bwvﬁwéﬁvunﬂiwdar&wqa)o«&amd:i-’is
Le):,LV beﬂ«aunuﬁ»nvedbroﬁéﬂalwg.xs.t. Vt,

“%! . (V(f-), ;,V(b)) is a +v-cé¢ ovienled baws}«’l;(e)S.
= Weke W(E) = alE)V(t)+ b(E)iV(L)
w*\-ev—ea.,bwoﬁ_, & a’+ b =1

__E___y_(_ I—f a.,\: Eaath s om L st a_q'-l-b?‘-——") awmd T, s.t.
at tee T a.(ta)-::co;‘k) b(te) = sin¥s , thew

l/)('b) = ‘1“'., + -[6‘0{ (aJ; -Lc}-)d:t

% a fm.o'o’ﬁ;— P Gl st. to) = b m(‘}(&})ﬂ“(é)
cﬁ‘_ . ‘P( ) LF){%(..“&)) —:b((:)“.

Def The ot e H9 btied e 1, W g e s el
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